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Single cell RNA sequencing (scRNA-seq) has progressed the biological sciences by allow-

ing researchers to obtain a rough estimate of the number of transcripts in a cell for every

gene. Modern advancements in the field of scRNA-seq have enabled the reading of thou-

sands of genes in thousands to even millions of cells. Techniques like scRNA-seq therefore

return high dimensional data-sets, which are hard to visualize in only two dimensions.

The analysis and visualization of such data have been performed by linear (PCA, PPCA)

and later non-linear (t-SNE, UMAP) dimensionality reduction techniques. In this report,

we examine the role of hierarchical mixtures of probabilistic PCAs (HmPPCAs) for the

visualization of scRNA-seq data. At the same time, we explore the use of probabilistic

programming to define and solve probabilistic models easily, without the need to derive

the necessary equations to solve them manually.

The HmPPCAs model was implemented in the probabilistic programming language Stan

and evaluated on 2 scRNA-seq data-sets from the literature and 5 simulated data-sets of

various dimensionalities. The model is solved using NUTS (an extension to Hamiltonian

Monte Carlo) and ADVI (an extension to variational inference) to get a better grasp of

two different methods used in probabilistic programming. We then compared the HmPP-

CAs results with results obtained using other popular techniques like t-SNE and UMAP.

The plots obtained through all methods were tested for their cell type separability.

The results show that ADVI provides statistical modellers with a fast way to approach

solutions without sacrificing much of the performance. Although HmPPCAs did not

achieve the same visualization performance as UMAP and t-SNE, the results show that

extending linear dimensionality reduction techniques with hierarchy can show structures

that are not noticeable when using a single non-hierarchical dimensionality reduction.
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1 | Introduction

Gene expression is the process where genes on the DNA are transcribed and used to

create specific products. It is the process that sets the synthesis of proteins from the

DNA in motion and it is fundamental to all biological mechanisms. When a gene is

expressed, its DNA sequence is copied to a piece of mRNA, which can then be translated

into a protein. Genes that are highly expressed are being transcribed to mRNA more

often than genes that are lowly expressed, so the number of mRNA transcripts for these

genes is relatively high. Given the biological and medical significance of this process, it is

studied broadly and techniques for quantitative measurement have been developed over

the last decades. RNA sequencing (RNA-seq) measures the relative level of expression

of genes by quantifying the number of mRNA transcripts. This approach measures the

average levels of gene expression across a population of cells, which possibly consists of

different cell types. This is a limitation to many experiments because results are not

specific to one individual cell. Single-cell RNA-sequencing (scRNA-seq) [1] has given

the means to analyse the expression patterns of large numbers of genes from specifically

chosen cells. First, a sample of specifically chosen cells is collected. The cells undergo a

lysis step that permeates their membrane but leaves the RNA intact. The mRNA is then

reverse-transcribed to its complementary cDNA. The newly acquired cDNA is amplified,

through polymerase chain reaction (PCR) or in vitro amplification. Finally, this cDNA

is sequenced and the resulting sequence reads are mapped back to the genome, pieces of

cDNA that match with a gene are counted.

This technique has seen a rise in popularity [2]. ScRNA-seq was first pioneered in the

late 2000’s [3]. The new invention of scRNA-seq allowed researchers to study individual

cell types and to compare different cell types. For example, cells from different embryonic

stages might be compared to study the activity of genes during embryonic development

[4]. Another example would be the detection of malignant tumor cells in otherwise

healthy cell populations [5].

For the comparison of transcriptomes of different cell types, it is often desirable to vi-

sualize the gene expression levels of individual cells in a simple yet informative way. It

1



Introduction 2

may not be hard to visualize data in two dimensions, for instance, one could generate

a scatter-plot of two genes, where each point corresponds to one cell. Simple correla-

tions should then easily become visible. For three dimensions or genes, a 3D plot can

be generated similarly. For data of more dimensions, it is possible to produce multiple

plots for every combination of two dimensions. However, scRNA-seq deals with data

that may exceed thousands of genes, which is hard to visualize in a way that preserves

most information. Dimensionality reduction has therefore become an important topic

in scRNA-seq data analysis. Techniques like principal component analysis (PCA) [6],

probabilistic PCA (PPCA) [7], t-distributed stochastic neighbour embedding (t-SNE)

[8] and uniform manifold approximation and projection (UMAP) [9, 10] (among others)

deal with dimensionality reduction and try to transform high-dimensional data to 2 or 3

dimensional data in the most adequate ways. For instance, PCA projects the data onto

lesser dimensions, known as the principal components, in such a manner that the vari-

ance of the projected data is kept at a maximum. PPCA attempts to find latent random

variables that explain the observed data in a probabilistic way. These techniques are lin-

ear. T-SNE and UMAP are non-linear techniques. These techniques put the data-points

in the low dimensional space by specifying an attractive force between points that are

closely related in the data space and a repellent force between other points.

Another way to induce non-linearity is by adding hierarchical layers. For example, a

hierarchical mixture of PPCAs (HmPPCAs) [11] is able to divide the data into dif-

ferent clusters and returns their individual low-dimensional representation. It has been

argued that each of these clusters might have different optimal representations in the

low-dimensional space. While one cluster can be best described by two principal compo-

nents, another cluster might be better represented by two different principal components.

Representing every cluster by the same principal components might be optimal for the

whole data-set, but not for the separate clusters. This model has been used for the

analysis of scRNA-seq data [12]. However, this model was introduced as an interactive

model, which still requires the user to select the number of different clusters and their

approximate locations in the low-dimensional space. User input may be susceptible to

human subjectivity and inconsistency. It also requires the user to wait for the parameter

estimation to finish so that they can initiate the next level. Here, we develop a model

that works in a fully automated way and does not require extra user-input.

Another difference to our model is how it is solved. Some of the mentioned techniques,

like PCA and PPCA, have a closed-form solution. Alternatively, it is possible to use

an Expectation-Maximization (EM) algorithm (see Appendix A.3), which is guaranteed

to converge to a local optimum, with lower computational cost than the closed-form

solution. The HmPPCAs model as proposed originally was solved using an EM-algorithm

as well [11, 12]. However, another approach to find a solution to the HmPPCAs is
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through probabilistic programming. Probabilistic programming entails programming a

probabilistic model and having the underlying distributions of the parameters found

automatically. Platforms for statistical optimization, like TensorFlow Probability [13]

and Stan [14] have been released as an alternative way to approach solutions to statistical

problems. These are Bayesian probabilistic programming languages. Using tools like

these has the benefit that the user can specify and manipulate statistical models without

having to derive and solve the necessary equations. This increases the range of models

to be studied and enables the user to easily refine parts of the model without having to

rewrite the entire solution. These tools do not only give the users a solution to their

model, but they can also give more information about the solution as they compute (an

approximation of) the entire probability function of the parameters of the model given the

input data. The models created in this report will be created within the Stan environment

using Python as the primary programming language. Stan is able to automate the

inference of probabilistic models in two ways. The first is by sampling through the

No U-Turn Sampler (NUTS), which is an extension to the Hamiltonian Monte Carlo

method. The other is an algorithm called automatic differentiation variational inference

(ADVI). Both these methods will be discussed in Section 2.2

Since we will mainly extend the HmPPCAs model, Section 2 starts with the theory

behind PPCA and hmPPCAs models. We then continue by discussing Stan and the

sampling methods used to solve our models. We then conclude this section with a

description of the algorithm used for this project. Section 3 describes the setup of the

model and the experiments to evaluate our model and to compare it with other models.

The results of these experiments will be discussed in Section 4, and we conclude this

report with a brief discussion in Section 5.



2 | Approach

In this Section, we discuss our model and the theory behind it. First, we discuss latent

variable models, PPCA and HmPPCA which form the theoretical basis of our model

in Section 2.1. More information on the Gaussian distribution, maximum likelihood

estimation, the EM-algorithm and mixture models can be found in Appendix A. We

then move on to Section 2.2, in which we explore the statistical platform Stan and how

Stan is used to infer solutions about statistical models. Having discussed both the theory

behind our model and our method of inference, we move on to Section 2.3, in which our

hierarchical model is described in full detail.

2.1 Formulating the hierarchical mixture model

2.1.1 Latent variable models and PPCA

Suppose our data consists of d-dimensional vectors xi ∈ Rd. Now we could treat these

variables as separate identities, but it is well possible that the values of some of those

random variables are directly influenced by one or more latent variables. For instance,

we might measure levels of expression of d genes. It is then possible that a latent variable

affects the expression levels of multiple genes. Since it is hard to visualize more than 3

dimensions (the expression of more than 3 genes in this example), it would be ideal to

visualise the underlying latent variables instead, as they exhibit fewer dimensions. One

technique to achieve this is the probabilistic PCA or PPCA.

Suppose the latent variables are m-dimensional vectors zi of latent variables which are

drawn from a zero-centered Gaussian distribution N (z|0, Im), with Im being the m×m
identity matrix and 0 the zero-vector of length m. In our model, x is given by

x = Wz + µ+ ε (2.1)

4



Approach 5

Here, µ is a d-dimensional vector describing the mean. ε describes an d-dimensional

noise term from a Gaussian distribution N (ε|0, σ2Id). W is a d ×m matrix mapping

z to x and its entries are known as the factor loadings. This means that x|z follows

the distribution N (x|Wz+µ, σ2I). The likelihood function of a single data-point xi is

described by
∫
p(xi|zi,W ,µ,σ2)p(zi)dzi. For a data-set consisting of n vectors xi, we

can take the product of the likelihood of all individual xi to find the likelihood of the

whole data-set.

Now suppose we want to find a matrix Z describing the latent data based on the matrix

of observed data X, along with the maximum likelihood estimates of µ, σ2 and W .

A closed-form solution has been derived by Tipping and Bishop [7]. There is also an

iterative expectation-maximization (EM) algorithm to solve this problem (see Appendix

A.3 for an elaboration on the EM algorithm).

For the E-step, we are interested in the log likelihood of the complete data-set (includ-

ing latent variables). The joint probability of an observed and latent data-point i is

p(xi, zi) = p(xi|zi)p(zi). The complete-data likelihood is then given by p(X,Z) =∏n
i=1 p(xi|zi)p(zi). If we translate this into the expected complete-data log likelihood,

we end up with

E[ln p(X,Z|µ,W , σ2)] =

n∑
i=1

lnN (xi|Wz + µ,σ2I) +

n∑
i=1

lnN (zi|0, I) =

−
n∑
i=1

{d
2

ln 2πσ2 +
1

2
Tr(E[zizi

T ]) +
1

2σ2
||xi − µ||2 −

1

σ2
E[zi]

TW T (xi − µ)

+
1

2σ2
Tr(E[zizi

T ]W TW ) +
m

2
ln 2π

}
,

(2.2)

where the trace (Tr) of a matrix is defined as the sum of its diagonal elements.

We would also like to know what the expected value is for every latent variable zi.

For this, it is best to look at the differences between each data-point xi and the mean

of all data-points x, so that the effect of µ is taken into account. We then use the

transformation matrix W and the matrix M = WTW + σ2I to get to the expected

values of zi.

E[zi] = M−1W T (xi − x) (2.3)
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E[zizi
T ] = σ2M−1 + E[zi]E[zi]

T (2.4)

For the M-step, we differentiate equation 2.2 with respect to its parameters to find the

maximum likelihood values for these parameters. We already know that µML is given

by the sample mean of X. W can be obtained by 2.5 and then σ2 can be obtained by

2.6 using the newly obtained values for W .

W =

[
n∑
i=1

(xi − x)E[zi]
T

][
n∑
i=1

E[zizi
T ]

]−1
(2.5)

σ2 =
1

dn

n∑
i=1

||xi − x||2 − 2E[zi]
TW T (xi − x) + Tr(E[zizi

T ]W TW ) (2.6)

For more details on the derivation of these equations, we wish to refer to Bishop (2006)

[15].

2.1.2 The hierarchical mixture of PPCAs

For our purposes, we need to discuss one more model that combines the previous knowl-

edge: a mixture of PPCAs (MoPPCAs) [16]. Assume we have different groups of cell

types which exhibit different patterns of gene expression. Then not only can we find dif-

ferent mixture components in our data, each mixture component may also be explained

by a particular underlying latent data-set of lower dimensionality. This gives us the

distribution p(xi|µ,σ2,π,W ) =
∑K

k=1 πkN (xi|Wk,µk, σ
2
k), where each mixture com-

ponent k is a latent variable model with its own mean µk, standard deviation σk and

factor loadings matrix Wk.

We can solve such a model, similarly to the Gaussian mixture model (GMM) (see

Appendix A.3), with an EM algorithm. A key ingredient of a MoPPCAs model is

knowing which data-points belong to which mixture component. Therefore, we need

to compute the probabilities γki of each data-point xi being generated by each mixture

component k first. We refer to this term γki as the responsibility term. Using Bayes’

theorem, we derive γki as follows.

γki =
πkp(xi)∑K
j=1 πjp(xi)

=
πkN (xi|θk)∑K
j=1 πjN (xi|θj)

(2.7)
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With this, we can specify the complete log-likelihood.

ln p(X,Z|θ) =
N∑
i=1

K∑
j=1

γki lnπkN (xi|θk)N (zi|0, I) (2.8)

Note that we have explicitly defined z to come from a standard normal distribution.

Setting the derivatives with respect to the individual parameters to 0 gives us the new

estimates for the parameters.

This method can be extended to a hierarchical mixture of PPCAs (hmPPCAs) [11].

We have discussed a model where data was generated by different components, each

with their own latent space. In a hmPPCAs, each of the components may be composed

of even more underlying mixture components. Where a MoPPCAs divides the top-

level data into clusters and finds a representation of each cluster in a latent space, a

hmPPCAs evaluates whether sub-clusters can be found within the second-level clusters.

Figure 2.1 demonstrates an example of this, where the data can first be separated in a red

and a yellow-and-blue cluster. On the next level, the yellow-and-blue cluster is further

separated into two yellow and blue sub-clusters. Logically, these sub-clusters could be

divided even further by adding more levels of depth to the model. The probability density

function describing a hmPPCAs with two levels is:

p(x) =
K∑
i=1

∑
j∈Gi

πiπj|iN (x|θj) (2.9)

In this case, Gi is the set of second-level sub-clusters j that are contained within top-level

cluster i. The complete-data log-likelihood function of this model is similar to that of a

MoPPCAs model.

n∑
i=1

K∑
j=1

γji

|Gi|∑
m=1

γ
m|j
i lnπm|jp(xi, zi) (2.10)

2.2 Stan, NUTS and ADVI

All models described in this report have not been fitted analytically or by use of the

EM algorithm as described above. Instead, all statistical models have been programmed

in Stan so that they could be solved numerically. Stan is a platform for statistical

modelling. An example of a PPCA model as defined in Stan is given in Appendix C.

Given a statistical model, Stan tries to find the posterior distribution of all unknown
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Figure 2.1: Example of a hierarchical cluster structure. The top-level shows
the complete data-set in its latent space (A). The data is then clustered into a red
and a yellow-and-blue cluster, and the latent space of each of those clusters is given
(B). Doing so reveals structure within the yellow-and-blue cluster that was not visible
before. This allows the cluster to be divided even further into separate yellow and blue

sub-clusters (C). This figure has been copied from Bishop & Tipping (1998) [11].

‘parameters’. These parameters might be parameters in the classical sense, e.g. the

mean and standard deviation of a Gaussian given the observed data. Alternatively, they

might be missing variables, e.g. the latent variables explaining the observed variables.

Using Stan has several advantages. It allows us to specify a model, or just its log-

likelihood function, and then Stan attempts to find the optimal solution without requiring

to derive the equations to find the maximum-likelihood solution to the model. This is

especially useful when manipulating a statistical model, as we can adjust the model

without needing to rewrite the (algorithmic) solution. Secondly, Stan makes use of

samplers which not only give a point estimate for the parameter values but the entire

posterior distribution of each unknown parameter. This gives us information about the

uncertainty of the found solution. Stan implements two main algorithms for this. Most

notably, Stan makes use of the No U-turn sampler (NUTS) (discussed in Section 2.2.1).

This is an extension of Hamiltonian Monte Carlo sampling. NUTS has the benefit

over Hamiltonian Monte Carlo that it automatically determines the number of steps

needed for convergence, saving computation time. The other, more recently implemented

algorithm to determine the posterior of the parameters, is the automatic differentiation

variational inference (ADVI) algorithm (see Section 2.2.2). This is an algorithm based

upon variational inference. It selects a distribution from a variational family that is
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as similar as possible to the posterior. This might be less exact, but it saves a lot of

computational cost without affecting the accuracy of the outcome too much. These

algorithms were both utilized and compared in this project.

Stan does not stand alone, but rather, it needs to be implemented in another environ-

ment. For this project, programming was done by use of Python, in which Stan was

implemented through a package called PyStan [17]. The general workflow is as follows.

Data is read in through the Python environment and a statistical model is specified

in Stan. Then the model is compiled. Using the data as input, Stan is used to infer

the parameters and outputs them to the Python environment. This data is then finally

analyzed using Python.

2.2.1 Monte Carlo sampling and NUTS

Monte Carlo (MC) methods are a branch of sampling methods. They are forms of

Markov chains, and generally entail a random trajectory through the sample space, di-

rected by the underlying probability distribution of interest. An easy and well-known

example is the Metropolis-Hastings algorithm [18, 19], where a fictive particle jumps

randomly to new positions within the sample space. Based on the ratio of the probabil-

ities of the old and new position, a new position can be accepted as a sample. If it is

rejected, a jump to a new position is made. The samples drawn using this algorithm are

guaranteed to converge to the underlying distribution when sampling long enough.

A drawback of this algorithm is that the number of samples necessary for convergence

is sub-optimal, as the random walks through the sample space are inefficient. For this

reason, other algorithms, such as Hamiltonian Monte Carlo (HMC), were proposed [20].

When using HMC, the fictive particle behaves as in a Hamiltonian dynamics simulation.

A particle has a position in the sample space and a velocity. For a pre-determined

number of steps of fixed step size, the particle moves in a random manner through

the sample space, at the end of which the position is either accepted or rejected as a

sample. This algorithm produces much more efficient random walks and is therefore

less costly computationally. However, this algorithm has its own drawbacks. HMC

requires manually setting a step-size parameter ε and a number of steps L. Sub-optimal

values for these parameters can result in unnecessary computational cost and inaccurate

results. Particularly, setting L too high will result in the particle slowly returning to

its original position, which requires not only unnecessary computation but also leads to

slower convergence. Tuning these parameters usually requires some degree of expertise

and a few tuning runs of the algorithm. Some adaptations to HMC have been proposed

to automatically tune ε [21], but not L.
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The No-U-Turn Sampler [22] (NUTS) is an extension to HMC. NUTS is most notable

for its ability to determine the optimal number of steps L while running. When a particle

moves through the sample space to generate a sample, the number of steps needs to be

high enough for a decent random walk to happen, but not too high as the fictive particle

will eventually loop back and move back to its original position. The point where the

fictive particle is the furthest away from its initial position is characterized by sharp

turns in the path of the particle. Stopping at these ‘U-turns’ is where the algorithm

has drawn its name from. Additionally, NUTS tunes ε automatically whilst running the

algorithm.

NUTS has added a feature that checks when the sampling trajectory is at its maximum

length and then uses this criterion to stop. The concrete criterion depends on the deriva-

tive of half the squared distance from the original to the new sample. If this measure is

close to zero, the squared (and thus the absolute) distance between the two samples is

not changing anymore and the trajectory is probably at its point of return. The series of

samples is desired to be a Markov chain. One necessary property of such Markov chains

is known as time-reversibility, i.e. the validity of the series of samples is not dependent

on whether the samples are read from front to back or back to front. To maintain the

time-reversibility of the Markov Chain, the trajectory is run both forward and backward

in time. The algorithm builds a ‘tree’ to examine the structure of the trajectory and

the algorithm halts with a probability that is negatively proportional to the derivative

of half the squared distance at either end of the trajectory. Secondly, NUTS tunes ε

on-the-fly, based on a method named ‘dual averaging’ [21]. This adaptation has been

slightly improved to include more parameters. Apart from adapting ε while running,

NUTS does a quick search for a reasonable value of ε to initialize the algorithm with.

2.2.2 Variational inference and ADVI

Variational inference (VI) is a method of approximating a posterior probability distri-

bution p(θ|x) for the parameters θ given data x that is difficult to determine. It works

by chossing a familiy of probability distributions q(ζ) and then minimizing the dissimi-

larity between P and Q. To measure this dissimilarity, the Kullback-Leibler divergence

of P and Q (DKL(Q||P )) is used. This is an asymmetric similarity measure defined as

DKL(Q||P ) =
∫
q(θ) log q(θ)

p(θ|x) . This can be rewritten as DKL(Q||P ) = log p(x)−L(Q),

where L(Q) = −Eθ[log q(θ) − log p(θ,x)]. The first term log p(x) is known as the evi-

dence. The last term L(Q) is the evidence lower bound or ELBO. Its name is derived

from the fact that the evidence is the sum of the ELBO and the KL divergence; since

the KL divergence is non-negative, the ELBO is the lower bound for the evidence. Of-

ten, finding the optimal distribution q(ζ) though KL-divergence minimization is difficult
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or impossible. However, the evidence is a function that does not rely on q(x) and is

therefore kept constant as q(x) is optimized. Minimizing the KL divergence is therefore

equivalent to maximizing the ELBO, as is done in VI.

ADVI [23] is an algorithm that implements VI and automates the process. Traditionally,

performing a VI algorithm required that the researcher had specified a VI algorithm

beforehand, which included the selection of a family of variational distributions, the ob-

jective function to optimize and the computation of its gradients. This was not only an

effort to the researcher, but it was also an obstacle to the automatization of the process.

ADVI differs in that it transforms the given model to be suitable to a premade VI algo-

rithm so that the aforementioned steps become obsolete. ADVI starts off by transforming

the probability density function of the posterior. ADVI’s VI algorithm assumes that all

parameters live in the real space and are unconstrained, which is what is achieved by

this transformation. After this transformation, ADVI’s premade VI algorithm can be

used for ELBO maximization.

A family of variational approximations is expressed as Gaussians, either with a diagonal

covariance matrix (mean field variational inference) or with a full covariance matrix

(full-rank variational inference). The latter is more precise but also computationally

more costly. The objective function to be optimized is expressed as the expectation

of the distribution, which can easily be derived by sampling from the distribution and

taking the empirical mean.

The gradient of the logarithm of the joint probability distribution of the parameters and

the data with respect to the parameters (∇θ log q(x,θ)) is computed through automatic

differentiation [24]. Automatic differentiation is a technique to determine the gradient

of a function which has been implemented in Stan (and was one of the reasons that Stan

was chosen as a suitable environment for ADVI). Using the expectation of the gradient

of the log joint probability, it is possible to obtain a noisy estimate of the gradients of

the ELBO. The noisy gradient of the function is then used to optimize the variational

distribution q by stochastic gradient ascent. Finally, the ELBO has been maximized and

a (local) optimum for the posterior distribution of the parameters has been found. This

sequence of steps is integrated in PyStan under the name Variational Bayes (VB) and

will be referred to under this name in this report.
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2.3 Detailed description of the model

2.3.1 The model

Our visualization model is a hierarchical one, based on an earlier model by Bishop &

Tipping [11] (see Figure 2.1). It visualizes data, and if group structures are present, it

attempts to find groups within the data on the top-level, and then possibly sub-groups

within the groups at the deeper levels. The model presented in this report is mainly used

for visualization of data. Therefore, the model was built to find the latent space of the

data on every level, so that the data could be represented in its latent dimensions. The

first latent data-space, on top-level, can easily be obtained with a normal PPCA model.

The result gives the projection of the data on the first two principal components. Next,

a MoPPCAs model is applied to the data, which attempts to find clusters and gives

their projection onto their first two principal components. From this point on, the model

repeatedly applies MoPPCAs to every cluster of data for the desired number of levels.

For every level, the algorithm evaluates the clusters found on the level above. First, every

cluster is tested for how many sub-clusters it possibly contains. If the cluster contains

two or more sub-clusters, a MoPPCAs is initialized. If the cluster contains only one

sub-cluster, i.e. the cluster cannot be divided any further into sub-clusters, its branch

is marked as fully analyzed. Once the MoPPCAs returns the results, we have the new

latent spaces of the cluster of interest. The MoPPCAs gives us also the probabilities of

all the data-points belonging to the sub-cluster γki (see equation 2.7). When all clusters

have been divided into their sub-clusters, the next level is initiated, where every cluster

of the last level will be attempted to split into its sub-clusters. The researcher has the

possibility to select using NUTS or VB for fitting the PPCA and MoPPCAs models

before initializing the model.

Note that, even though every MoPPCAs model returns the latent spaces of the found

sub-clusters, the full-dimensional data is used as input to these models. The found latent

data is not reused as input for later MoPPCAs models. The latent space is only used for

visualization purposes (Section 3.3.1) and for estimation of the number of sub-clusters

(Section 2.3.5).

Clusters that are found to be fully analyzed do not undergo further evaluation on deeper

levels. Instead, the latent data-set is copied over to the next level directly. When all

clusters are fully analyzed or when the maximum depth of levels as specified by the
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researcher is reached, the model stops. A summary in pseudocode for this model is given

in Algorithm 1.

Algorithm 1: Pseudocode of HmPPCAs model
Data: X

Result: Z and γji for all data-points xi and clusters j

initialize level := 0,max_depth = 5,max_tries = 3;

Initialize top-level PPCA and plot latent projection;

Make every data-point part of one cluster c with γci = 1.0;

while level < max_depth do

Increment level := level + 1;

for every cluster c found in last level do

Find initial clustering with GMM in latent space;

if there are no sub-clusters then
skip to next cluster

while No MoPPCAs solution has been found do

Set tries := 0;

while tries < max_tries do

Increment tries := tries+ 1;

Initialize weighted MoPPCAs model on full-dimensional data-set with

weights γci ;

if MoPPCAs find model with same number of clusters as initial GMM

then
Break loop

if No MoPPCAs fit is found with same number of clusters as GMM then
Break loop and use MoPPCAs fit with highest number of clusters as

initialization for new MoPPCAs model

for every sub-cluster sc found with MoPPCAs model do

Extract probabilties γsci ;

γsci := γsci γ
c
i ;

Plot found latent data-set with ink density proportional to γsci ;

2.3.2 Drawing a sample

When NUTS is used, the user receives the samples that were generated in the process.

This excludes the first warm-up samples and every other sample is thrown away as well

to reduce the correlation between samples, but the other samples are returned to the

user. With the settings used in this project, this left 300 samples for the user. When
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VB has found its optimal posterior distribution, a sample of 1000 points is taken from

the distribution. In either case, the mean of all generated data-points is taken as the

expected value of the unknown parameters. When the latent data-set or other parameters

are computed, then these expected values were used.

2.3.3 Initialization, priors and constraints for the MoPPCAS models

The MoPPCAs model was highly dependent on the initialization. This is mainly due

to local optima in (soft) clustering methods. The first trials of the MoPPCAs models

were performed with Stans default random initialization of parameters. This would often

lead to high computation times and implausible solutions. A common result was that the

algorithm would find values of πk that were near zero for one or more clusters. This meant

that no data-points or only a few outliers were determined to be part of that cluster,

which made them practically absent. Part of the reason that this happened is that a

normal distribution with a very low spread can be fit to a cluster containing only one

data-point with a very high likelihood. The spread of the remaining cluster(s) would be

set high enough to encompass the remaining data-points. To prevent this behaviour, the

initial clustering was performed by a GMM. GMMs were fitted in the latent space while

varying the number of components. The optimal number of components was determined

using the Bayesian information criterion (BIC; see Section 2.3.5) and was used as a

reference for the MoPPCAs clusters. After the GMM clustering completed, only the

most probable cluster for each data-point was noted, not the probabilities of belonging

to each cluster. The values of µk and σk were inspired by the values of the centers

and the spread of the clusters as found by the GMM. Because the GMM clustering was

performed in the latent space, the labeling of the data-points to their clusters had to be

applied to the same data-points in the full-dimensional space first. This way, the center

and covariance matrix of each cluster could be estimated in the full-dimensional space.

Basing σ2 on the covariance matrix of the clusters is not entirely correct, because the

covariance matrix of the PPCA model is WW T + σ2I. Directing the value of σ2 to

values based on the found covariance matrix would actually overestimate σ2, which in

turn would lead to underestimation ofW . However, the resulting inference of the model

would be off without doing so. Therefore, after trying various alternatives, the following

three steps were taken to direct σ2 to the spread of the clusters as found by the GMM.

First of all, the centers and the spread of the clusters that were found by the GMM

were used to initialize parameters µk and σk in the MoPPCAs model. Values for πk
were computed from the GMM solution and used as initial values for πk similarly. The

solution of the GMM was also used to initialize γki for all values as 1 (when i belonged to

k according to the GMM) or 0 (otherwise). It was then evaluated whether the problem
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where few to no data-points were assigned to a cluster was avoided. The problem was

solved for low-dimensional data-sets, but the problem persisted when more complex data-

sets were analyzed. Another reason for this initialization was that a random initialization

would lead to random labeling of clusters. This would lead to inconsistencies in cluster

labels between samples and affect the outcome negatively. A consistent initialization

meant also that the label-swapping problem during clustering was solved.

Secondly, a prior was set over µk and σk, to direct the parameters towards the correct

solution. For µk, a prior was specified in the form of a normal distribution that was fit

to the points that the GMM had labeled to cluster k in the full-dimensional space. As a

prior for the standard deviation of the clusters, an inverse gamma distribution, fit with

help of the GMM solution, was specified at first, but this seemed to worsen the results.

A normal distribution was then specified as a prior as this yielded better results. Since

σk is a single value related to the spread in all dimensions within that cluster, the mean

of the diagonal of the covariance matrix of a cluster was used as the expectation of σk,

thus E[σk] = 1
dTr(Σ

GMM
k ) with ΣGMM

k being the covariance matrix of GMM cluster k.

This approach saved computational cost, but it did not necessarily prevent the problem

discussed above.

Since the problem of empty clusters resulted in clusters with a minimal or large spread,

constraints were set on the standard deviations of the MoPPCAs clusters in the data

space. Therefore, a lower bound on σk was set of 0.75 times the standard deviation of

the GMM cluster in the dimension with the lowest spread. This did not prevent the

problem, as there could still be clusters with near-zero πk, while other clusters took over

their data-points by increasing their σk. Therefore, an upper bound was also set on the

value of σk. This upper bound was set to be 1.25 times the standard deviation of the

GMM cluster in the dimension with the largest spread. Stan does not accept different

constraints on the entries of one vector and our lower and upper bounds were different

for every cluster. As a solution, raw vectors of µk and σk were evaluated as normalized

vectors with entries between 0 and 1. Now, they all had the same upper and lower

bounds (1 and 0). These normalized values were then later in the model transformed to

their real values by multiplying them with the difference between the upper and lower

bound values and adding the lower bound values to them.

Using all these constraints put the initial GMM solution largely in charge of the clustering

part of the MoPPCAs solution, leaving the MoPPCAs model to make only minor ad-

justments to the clustering of the full-dimensional space. Despite this, it still happened

occasionally that ‘empty’ clusters were found and that the MoPPCAs model found a

different optimal clustering with fewer clusters. This was not necessarily a problem on

the side of the MoPPCAs model, because overestimation of the number of clusters also
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happened from time to time (see Section 2.3.5). If this happened three times in a row,

the MoPPCAs solution with the highest found number of clusters was accepted. How-

ever, because this model was initialized with a prior directed at a different solution, a

second MoPPCAs model was initialized with the newly found number of clusters. All

initial values were copied from the first MoPPCAs model, and priors and constraints on

the model were taken from the first MoPPCAs solution in the same way that they were

taken from the initial GMM for the first MoPPCAs model.

2.3.4 Dealing with responsibility terms on the deeper levels

When analyzing a cluster, every data-point i has a responsibility term γki , describing

the probability of belonging to cluster k. Therefore, all data-points are input to the

MoPPCAs, even the ones that probably don’t belong in this cluster, albeit with a very

low weight. These numbers are passed into the MoPPCAs to be used in the expected

complete-data log-likelihood of equation 2.10. For the first level, γki = 1 for all data-

points, meaning that every data-point starts as being part of the same cluster with

complete certainty. When we move to deeper levels, the likelihood equation changes

from 2.10 to 2.11, where l sums over the sub-clusters at the next level.

n∑
i=1

K1∑
j=1

γji

|Gj |∑
l=1

γ
l|j
i

|Gl|∑
m=1

γ
m|j,l
i lnπm|j,lp(xi, zi) (2.11)

Noting that γji γ
l|j
i = γj,li we can rewrite 2.11 back to 2.10, where now j denotes the

sub-clusters on the next level. We can, therefore, reuse the same MoPPCAs model,

but this time inputting the probabilities of belonging to the new sub-clusters as γji .

Every MoPPCAs returns γl|ji . Seeing as how γji γ
l|j
i = γj,li , we just have to multiply this

number with the probability of belonging to the cluster on the level above to obtain the

probability of belonging to the new sub-cluster, which will be the input responsibility

term for the next level. Therefore, the model initializes a vector of ones of length n as the

responsibility terms, inputs it to the MoPPCAs model and then multiplies it element-

wisely with the output responsibility terms to obtain the new responsibility terms used

for the MoPPCAs for the new sub-clusters on the next level.

2.3.5 BIC score to assess the number of clusters

The number of clusters to be found was estimated using the Bayesian information cri-

terion (BIC). The data was clustered by a GMM with various values for the number of

clusters. For the GMM models, a ready-to-use GMM package ’GaussianMixture’ from



Approach 17

the ‘Sklearn’ package was used, as it worked faster than Stan and we needed only a simple

estimate for initialization, not the whole posterior of all parameters. Data-points were

assigned to the plot with their highest responsibility term and only the points assigned

to a plot were included in the GMM. These GMMs were estimated on the latent data.

Although the full-dimensional data may contain more information, it also contains more

noise and we found that better estimates were therefore obtained from using the latent

data. The maximum number of clusters to be found, Kmax, was set relatively low to

Kmax = 3. This lead to the need for multiple levels in our models, to get a better grasp

of the hierarchical working of the model. The minimum number of clusters to be found

Kmin was always set to 1, except for the top-level, where it was set to 2 to stimulate the

model to make at least one division in the data-set. For each value of K, three GMM

models were fit to the data, although users can choose to fit as many GMM models

as they like. Pseudocode for this process is given in algorithm 2. Note that Z in this

algorithm contains not all data-points in the latent space, but only the ones that were

assigned to the plot which is analysed.

The BIC of a model fit is defined as BIC = k lnn − 2 lnL, where n is the number of

data-points, k the number of clusters and L the likelihood. The likelihood of a GMM

model is defined in Appendix A.3. For each model, the BIC was computed, and the

model with the lowest BIC was chosen as the best suitable model for the data.

Even though the BIC score usually gave a very good estimate for the number of sub-

clusters, it happened from time to time that the MoPPCAs found fewer clusters. In these

cases, the responsibilities were all approaching 0 for every data-point for that cluster. If a

sub-cluster j was not assigned any data-point i (i.e. argminkγki ) 6= j ∀i), the MoPPCAs

was retried for up to three times. If the suggested number of sub-clusters was still not

found by the third time, a new MoPPCAs model was initialized that looked for fewer

sub-clusters. After all, it is possible for the GMM to over-estimate the number of sub-

clusters. Under-estimation of the number of sub-clusters is not a problem since the found
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sub-clusters will be analyzed further at deeper levels.

Algorithm 2: Determining the number of clusters
Data: Z, K_min, K_max, n_ref

Result: GMM fit on Z with optimal number of clusters

Initialize k = K_min;

while k ≤ K_max do

set ref := 0;

while ref < n_ref do

increment ref := ref + 1;

Cluster Z into k clusters using GMM;

Compute likelihood L of the resulting GMM fit;

Compute the BIC as BIC := k lnn− 2 lnL;

Return GMM fit with lowest BIC;



3 | Methods

3.1 Data description

Two types of data-sets were used. The first type consisted of simulated data-sets gener-

ated using Splatter [25]. This is an R-package that allows the user to generate customized

scRNA-seq data-sets. Since Splatter data-sets are easily obtainable and customizable,

two different types of data-sets were generated: one simple type which contained five

groups of cells that were easy to differentiate from each other and one complex type con-

taining six groups of cells which showed more overlap in their patterns. The difference in

complexity of these data-sets was regulated by use of the ‘de.facLoc’, ‘de.facScale’ and

the ‘de.prob’ parameters. These parameters describe how easily diffent groups can be

separated. The last parameter ‘de.prob’, the probability with which genes in a group

were differentially expressed, was set higher for the complex data-sets than for the simple

data-sets, as the different groups of cell-types were not distinguishable without doing so.

For the simple Splatter data-sets, de.prob was set higher for the data-sets containing

fewer genes, to make sure that each data-set contained enough differentially expressed

genes. For the complex Splatter data-sets, this was not necessary, as de.prob was high

enough already for even the data-set containing 5 genes. For both the simple and the

complex types of data-sets, data-sets of 5, 25, 50, 150 and 250 genes were created.

The other type of data-sets, were the scRNA-seq data-sets published by Darmanis et al.

(2015)1 [26] and Nestorowa et al. (2016)2 [27]. They have respectively measured the ex-

pression of 22088 and 4774 genes across 466 and 1656 cells. The Darmanis samples were

retrieved from adult and fetal human brain tissue and the samples from the Nestorowa

data-set were obtained from mouse hematopoietic stem and progenitor cells. The Darma-

nis data-set was labeled by ten different cell types: groups of oligodendrocyte precursor

cells, oligodendrocytes, astrocytes, microglia, neurons, endothelial cells, fetal replicating

cells, fetal quiescent cells, a hybrid group of cells and unannotated cells. The Nestorowa
1retrieved from https://hemberg-lab.github.io/scRNA.seq.datasets/human/brain/
2retrieved from http://blood.stemcells.cam.ac.uk/single_cell_atlas.html
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Table 3.1: Properties of the gene expression data-sets.

Genes Cells cell types de.prob de.facLoc de.facScale

Simple
Splatter

5 500 5 0.5 3 0
25 500 5 0.1 3 0
50 500 5 0.05 3 0
150 500 5 0.017 3 0
250 500 5 0.01 3 0

Complex
Splatter

5 750 6 0.5 0.1 0.4
25 750 6 0.5 0.1 0.4
50 750 6 0.5 0.1 0.4
150 750 6 0.5 0.1 0.4
250 750 6 0.5 0.1 0.4

Darmanis 500 (out
of 22088) 466 9 - - -

Nestorowa 500 (out
of 4774) 1656 3 - - -

data-set was labeled with three different cell types: progenitor cells, hematopoietic stem

and progenitor cells (HSPC) and long-term hematopoietic stem cells (LT_SHC). The

Darmanis data-set was transformed by taking log (X + 1). The Nestorowa data-set was

used as is as the authors had normalised the gene counts themselves according to the

method described by Lun et al. (2016) [28]. To save computational cost, these data-sets

were filtered to include only the 500 genes that showed the largest variance. All data-sets

are described in Table 3.1.

3.2 Programming environment

For this project, programming was done by use of Python (Python 3.8.2-1), with the

statistical models specified in Stan using the PyStan package (Pystan 2.19.1.1) [17] on a

machine running Arch Linux 5.5.13. Stan models were compiled using the GCC compiler

(GCC 9.3.0-1).

3.3 Experiment set-up

All data-sets were evaluated using the HmPPCAs model, using both NUTS and VB.

The parameter settings were kept constant for all data-sets. These parameter settings

are given in Table 3.2.

The performance of the model was evaluated on all data-sets described in section 3.1.

Performance, as well as the computation time, was measured both when using NUTS and

VB (section 3.3.2). Performance was also measured when using UMAP [9] and t-SNE

[8] as a baseline. For this, the UMAP package (UMAP 0.4) [9] and the ‘sklearn’ package
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Table 3.2: Parameter settings of the HmPPCAs model.

Parameter Comments value
General
M Number of latent dimensions 2
max_depth Maximum number of levels before termination 5

min_clus_size
If a cluster contains less than this number
of data-points, it is not divided
into further sub-clusters anymore

10

n_try Number of trials to find a MoPPCAs fit
with the adequate number of clusters 3

k_max Maximum number of sub-clusters per cluster 3

NUTS
iterations Number of iterations 300
chains Number of Markov chains running simultaneously 1

warmup Number of steps used for step-size
adaptation but not for inference 150

thin Number of samples skipped between saved samples,
to reduce the correlation between successive samples 1

ADVI
iterations Number of iterations 10000
algorithm Mean field or Full-rank Mean field

Visualization

vis_theshold Points that are part of a cluster with a
probability lower than this are not plotted 0.05

These settings were maintained for all data-sets.

‘TSNE’ were used. All parameters were left at their defaults, except for the perplexity

parameter for t-SNE. Multiple values for the perplexity were tried, a value of 30.0 was

found to yield the best results for the Splatter data-sets, a perplexity value of 50.0 was

used when analyzing the Darmanis and Nestorowa data-sets. The performance at the

top-level was also recorded to represent a standard PPCA method.

3.3.1 Visualization

After every level, including the top-level which initializes a PPCA on the complete data-

set, the latent data is gathered for every group. For every level, the latent data can

then be plotted for every cluster. All data-points are plotted in every plot, but the

responsibility terms determine the density of the ink with which the points are plotted.

This has the effect that most data-points are plotted only in the plot that portrays the

latent space of the cluster they belong to, with the occasional data-point being vaguely

represented in multiple plots that the data-point might belong to with lesser certainty.
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3.3.2 Performance measures

Because the main purpose of the model was to help with visualization, the plots are

being evaluated in terms of how well cell types could be separated. In the optimal case,

the model produces plots in which the different cell-types are clearly separated from

each other into individual clusters, possibly creating even better plots on deeper levels.

To evaluate the visual separability of the cell-types, a multinomial logistic regression

model was used. The logistic regression from the ‘sklearn’ package ‘LogisticRegression’

was used for this and ‘lbfgs’ was used as its optimization algorithm. For every plot on

every level, a logistic regression was performed within a 5-fold cross-validation scheme.

Technically, all points appear in every plot with a non-zero probability, but the points

were only used for the logistic regression in the plot that they appeared in with the

highest probability. In practice, most points appear with a probability of almost 1 in one

plot and with a probability close to 0 in the other plots, so the effect of this categorization

of data-points into plots is minimal. The data-points were always divided into five folds

of approximately equal summed responsibility terms. The accuracy was then measured

from these results. The final accuracy taken as evaluation for the individual plot was the

average of the accuracies of the five test-sets. The accuracy for the whole level was given

by the weighted accuracy of all the plots within that level, where the ratio of data-points

in a plot was used as its weight. When reporting the accuracy of the model on an entire

data-set, the level with the highest accuracy was used as a reference. This was usually

the deepest level.

Apart from the visualization evaluation, the time it took to perform each analysis was

also recorded. Whenever a model in Stan would be initialized or finished, the time was

noted, so that the difference between the finishing time and start time could be reported

as the computational time of a model. This included the individual times of the top-

level PPCA. UMAP and t-SNE were left out of this comparison, as these techniques were

used to create a single visualization result, so this would be an unfair comparison with

inference techniques that produced the entire posterior distribution of all parameters.

Because the computation time to fit a complete HmPPCAs model is highly dependent

on the number of levels of the model and the number of mixture components that the

data-set consists of, the computation time of the individual MoPPCAs models within

the HmPPCAs was measured rather than the time it took to solve the whole HmPPCAs

model. The number of mixture components that a MoPPCAs model was trying to find

was noted to see if it had an effect on the computation time. Sometimes the number

of mixture components that a MoPPCAs model had found was lower than the number

of mixture components that it was trying to find. For these cases, both the number of
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mixture components the model was looking for as suggested by the initial GMM (Section

2.3.5) and the number of mixture components as found by the MoPPCAs were noted.



4 | Results

In this section, we will discuss the results found during the experiments. As mentioned

in Section 3.3.2, two performance measures were taken into account. First, we will report

the accuracy scores as found by the visualization assay. This will be a measure of how

good a dimensionality reduction technique was at portraying the data in two dimensions

while preserving most information. Secondly, the time it took to perform these analyses

are reported. Here we will evaluate the time-wise computational cost and scalability of

NUTS and VB and compare them with each other.

4.1 Visualization performance

We start with the results of the visualization assay. A logistic regression was performed

on each latent data-set plot to predict cell-types in the plots, where the accuracy of

this result was noted. This was done using a 5-fold cross-validation scheme. The average

accuracy of the five folds was taken as the accuracy of a plot. In the case of the HmPPCAs

models, the accuracy was computed for each level. Since the levels contained multiple

plots, the accuracy of one level was computed as the weighted average of each plot

within that level, where the weights were determined by the number of data-points that

were contained within each plot. When the overall accuracies of HmPPCAs models are

reported, the accuracy of the best performing level is given.

All results found are given in Table 4.1. The simple Splatter data-sets were converted to

their top-level latent spaces first by PPCA. Figure 4.1 shows the results on the simple

Splatter 250 genes data-set when using NUTS and Figure 4.2 shows the results when

using VB. The figures for the data-sets containing fewer genes are given in Appendix

D.1. We see that reasonable accuracy scores (> 0.88) were achieved on the visualization

assay on the top-level latent data. When more levels of depth were added by use of the

HmPPCAs, these accuracy scores almost always rose to 1.0.

24
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Table 4.1: Accuracy of multinomial logistic regressions on the latent data-
sets found by each model in a 5-fold cross-validation scheme. The highest

accuracy for a particular data-set is indicated in bold.

Splatter simple Splatter complex Darmanis Nestorowa
genes 5 25 50 150 250 5 25 50 150 250 500 500
PPCA
(NUTS) 1.00 0.88 0.99 0.97 0.94 0.80 0.68 0.82 0.81 0.77 0.60 0.73

HmPPCAs
(NUTS) 1.00 1.00 1.00 0.97 1.00 0.90 0.82 0.89 0.82 0.77 0.70 0.79

PPCA
(VB) 1.00 0.88 0.99 0.96 0.94 0.80 0.69 0.81 0.82 0.76 0.73 0.73

HmPPCAs
(VB) 1.00 1.00 1.00 0.98 1.00 0.90 0.91 0.90 0.94 0.79 0.73 0.79

UMAP 1.00 1.00 1.00 1.00 1.00 0.95 0.98 0.98 1.00 1.00 0.82 0.82
t-SNE 1.00 1.00 1.00 1.00 1.00 0.95 0.94 1.00 1.00 1.00 0.76 0.80

Figure 4.1: HmPPPCAs model performed on the simple Splatter data-set
with 250 genes using NUTS. The maximum accuracy of 1.0 was found at level 1.
The top-level PPCA achieved an accuracy of 0.940. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure 4.2: HmPPPCAs model performed on the simple Splatter data-set
with 250 genes using VB. The maximum accuracy of 1.0 was found at level 1. The
top-level PPCA achieved an accuracy of 0.940. The clusters found within the top-level
PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.

When evaluating the complex Splatter data-sets, lower and more varying accuracies were

observed. The results when analysing the 250 genes complex data-set are shown in Figure

4.3 (NUTS) and Figure 4.4 (VB). The results of the lower dimensional data-sets are given

in Appendix D.2. When comparing PPCA and HmPPCAs, we see that the addition of

more levels increased the accuracy in almost every case, although neither was able to

achieve perfect accuracy scores on the complex data-sets. When we compare NUTS and

VB, we see that their results are very similar when performing the PPCA. Occasionally,

the scores of NUTS and VB differed, but the difference was always negligible. In the

case of the HmPPCAs, however, larger differences between NUTS and VB were observed.

VB performed better than or at least as good as NUTS in all cases when comparing the

HmPPCAs results.
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Figure 4.3: HmPPPCAs model performed on the complex Splatter data-set
with 250 genes using NUTS. A maximum accuracy of 0.772 was found at level 0.
Performance did not improve after the top-level PPCA. The clusters found within the
top-level PPCA have been numbered. The colours indicate different cell types. Data-
points that were predicted correctly by the logistic regression are plotted with dots,

incorrect predictions are plotted with stars.

Both methods achieved lower scores on the Darmanis and Nestorowa data-sets than on

the Splatter data-sets. Figures 4.5 and 4.6 show the result of the HmPPCAs on the

Darmanis data-set when using NUTS and VB, respectively. Figures 4.7 and 4.8 are the

NUTS and VB HmPPCAs results when analyzing the Nestorowa data-set. The HSPC

cell types in this data-set showed multiple clusters. When using NUTS, the HmPPCAs

separated each of those clusters. The progenitor and LT.HSC cells were difficult to

distinguish from each other. When using VB, fewer levels were initialized and therefore

the data was separated less. Since a higher accuracy was achieved using NUTS on level 2,

it might have been the case that NUTS was able to obtain a slightly better visualization

which led to further clustering. Again, HmPPCAs scored higher than PPCA on the

Nestorowa data-sets with both NUTS and VB and on the Darmanis data-set when using

NUTS. The addition of more levels did not improve the accuracy on the Darmanis data-

set when using VB. VB yielded better results than NUTS on the Darmanis data-set, but

both methods performed exactly equally on the Nestorowa data-set.
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Figure 4.4: HmPPPCAs model performed on the complex Splatter data-set
with 250 genes using VB. A maximum accuracy of 0.793 was found after one level.
The top-level PPCA achieved an accuracy of 0.757. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.

The UMAP and t-SNE baselines also achieved perfect accuracies of 1.0 on the simple

splatter data-sets. Slightly lower accuracies were achieved on the complex Splatter data-

sets of low dimensionality, but this accuracy rose back to 1.0 for the complex Splatter

data-sets that contained at least 150 genes. UMAP and t-SNE performed almost exactly

equally good on the 5 genes complex data-sets, with t-SNE outperforming UMAP barely

by a negligible difference. UMAP scores slightly higher on the 25 genes complex data-set

and t-SNE on the 50 genes complex data-set. Together UMAP and t-SNE achieved the

highest accuracy scores on the Splatter data-sets. The resulting visualizations of UMAP

and t-SNE are given in Appendix D.3.

The result when using UMAP on the Darmanis data-set is given in Figure D.18, and the t-

SNE result is given in Figure D.19. Both of these methods outperformed the HmPPCAs.

UMAP achieved the highest accuracy for the Nestorowa data-set, of which the results

are visualized in Figure 4.7 (NUTS) and Figure 4.8 (VB). In this case, however, t-SNE
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Figure 4.5: The hmPPCAs analysis on the Darmanis data-set. NUTS was
used for inference and one level was found. A maximum accuracy of 0.695 was found
at level 1. The top-level PPCA achieved an accuracy of 0.602. The clusters found
within the top-level PPCA have been numbered. The colours indicate different cell
types. Data-points that were predicted correctly by the logistic regression are plotted

with dots, incorrect predictions are plotted with stars.

performed only slightly better than the two HmPPCAs models, and the UMAP accuracy

was not much higher than the others.

4.2 Computational cost

Table 4.2 contains the computation times it took to infer the PPCA and MoPPCAs

models on the Splatter data-sets. Each PPCA model was run only once at the top-

level and its computation time is given. The MoPPCAs models were run repeatedly

throughout the HmPPCAs models, so the average computation time of all MoPPCAs

within the HmPPCAs is given instead. As expected, the PPCA models take less time

to compute than the MoPPCAs models. This is the case for both NUTS and VB. We

also see that VB takes considerably less time to infer solutions than NUTS for both the

PPCA and the HmPPCAs models. The computational time goes up as the number of

genes in the data-set rises, but more so when using NUTS than when using VB.
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Figure 4.6: The hmPPCAs analysis on the Darmanis data-set. VB was used
for inference and one level was found. A maximum accuracy of 0.725 was found at the
top-level. The clusters found within the top-level PPCA have been numbered. The
colours indicate different cell types. Data-points that were predicted correctly by the
logistic regression are plotted with dots, incorrect predictions are plotted with stars.

The time in seconds of the MoPPCAs models was also compared while taking the number

of mixture components that the MoPPCAs models included into account. This was

done for the Splatter data-sets and the results of this are shown in Figure 4.9. In some

cases, a MoPPCAs model was initialized with a specific number of mixture components

but ended up finding fewer mixture components. For this reason, both the number of

initial mixture components and the number of found mixture components were taken

into account separately. In both cases, there was no apparent relationship between

the number of mixture components in a MoPPCAs model and the time it took to fit

the model. Whereas sometimes the measured time became shorter when fewer mixture

components were involved, this was the opposite for other cases, and in many cases, there

was no effect to be observed at all.
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Figure 4.7: The HmPPCAs analysis on the Nestorowa data-set. NUTS was
used as a sampling-method and five levels were found. A maximum accuracy of 0.817
was found at level 2. The top-level PPCA achieved an accuracy of 0.731. The clusters
found on each level have been numbered. The colours indicate different cell types.
Data-points that were predicted correctly by the logistic regression are plotted with

dots, incorrect predictions are plotted with stars.

Table 4.2: Computation times of PPCA and MoPPCAs models. In case mul-
tiple MoPPCAs were performed on a data-set within a HmPPCAs analyses,

the average computation time of all MoPPCAs is reported.

Splatter simple Splatter complex
genes 5 25 50 150 250 5 25 50 150 250
PPCA
(NUTS) 21.1 38.7 53.6 163.3 227.4 54.8 157.0 150.1 312.5 441.7

MoPPCAs
(NUTS) 589.7 1313.2 1599.9 9266.6 10327.2 997.7 1945.1 2083.9 8409.1 17229.8

PPCA
(VB) 2.8 4.4 5.3 11.3 14.0 7.0 16.1 11.3 20.8 14.3

MoPPCAs
(VB) 31.5 48.6 101.1 276.6 208.3 11.5 28.3 48.7 210.7 104.9
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Figure 4.8: The HmPPCAs analysis on the Nestorowa data-set. VB was used
as a sampling-method and two levels were found. A maximum accuracy of 0.790 was
found at level 1. The top-level PPCA achieved an accuracy of 0.729. The clusters
found within the top-level PPCA have been numbered. The colours indicate different
cell types. Data-points that were predicted correctly by the logistic regression are

plotted with dots, incorrect predictions are plotted with stars.



Results 33

Figure 4.9: Average time to reach solution of MoPPCAs models in relation
to their number of mixture components.The two figures on the left show the
(average) time is took for a MoPPCAs to be solved in relation to the number of mixture
components that the model was suggested to find. The MoPPCAs models were always
looking for either 2 or 3 mixture components. In some cases, less mixture components
were found. The plots on the right relate the time to the number of mixture components
that were found by the model, which may in some cases have been only 1. The top
two figures show this relation for the simple Splatter data-sets, the bottom two figures
show this for the complex Splatter data-sets. In case of a dot that is not connected to
another dot, no MoPPCAs model with a comparable number of mixture components

has taken place in the HmPPCAs.



5 | Discussion

We have evaluated the visualization performance of the HmPPCAs model on several

simulated and two real scRNA-seq data-sets. We then compared these results with those

obtained using PPCA, t-SNE and UMAP. We found that HmPPCAs was most of the

time able to improve upon PPCA. Since a PPCA is performed on the top-level data-set

as the first step of HmPPCAs, it is always included within the HmPPCAs. Therefore, it

was impossible for the HmPPCAs to score lower than the PPCA model. We also found

that, although HmPPCAs improved over PPCA, it was not as accurate as t-SNE and

UMAP. Both these techniques were in general able to create plots that separated the

different cell types better than HmPPCAs could. UMAP scored highest of the two, but

t-SNE performed almost equally well.

We saw that the accuracy achieved by the HmPPCAs was comparable when using VB and

NUTS as inference method. For the PPCA model negligibles difference were observed,

except in the case of the Darmanis data-set, where NUTS performed relatively weak

compared to all other methods. The HmPPCAs scored equally well when using NUTS

as when using VB on many of the data-sets.

NUTS and VB were also compared in terms of computation time till convergence. VB

was always faster, for both the PPCA and HmPPCAs models. Not only did VB return

results faster, but the computation time also increased less steeply when adding more

genes, indicating that the method is more scalable.

The HmPPCAs model improved visualization performance over PPCA. In most cases,

it was able to separate the different cell types better than just a single top-level PPCA.

It should be noted though, that here, the level with the highest accuracy was taken

to evaluate the performance of a HmPPCAs model. The visualization scores of our

HmPPCAs model are therefore an upper bound of the models.

Another point for discussion is that our MoPPCAs model was biased to find a relatively

high value of σ2 and a lower value of W , as discussed in Section 2.3.3. An expected

value of σ2 was based on the spread of the clusters in the latent space. Also, constraints

34
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were forced upon the value of σ2. To evaluate the effect of this approach, the value

of σ2 as found by the MoPPCAs model and the value found by the EM-algorithm for

PPCA when performed on the separate clusters were compared with the values at which

the constraints were set. Upon evaluation, the lower bound of σ2 was (barely) high

enough to include the value of σ2 as found by PPCA, and the MoPPCAs solution for σ2

was very similar to the PPCA solution. Still, future implementations of the MoPPCAs

model in Stan should use priors and constraints for σ2 which are based on their actual

expectation. For example, according to Bishop & Tipping [11], the maximum likelihood

estimator of σ2 is given by σ2ML = 1
d−2

∑d
j=3 λj , where λj is the jth eigenvalue of the

covariance matrix of the cluster. Basing the expectation σ2 on this approach would be

more correct.

It should also be noted that the number of iterations used for NUTS (300) was relatively

low, in an attempt to save computational cost. When ±250 iterations were used, Stan

would give warnings that the samples might not have converged, so 300 iterations were

used to avoid these warnings. Still, 300 iterations are on the low side. We do see

reasonable results that were largely comparable with the VB results, but it is possible

that better results could have been achieved when using a higher number of iterations.

Lastly, the parameters of our interest (e.g. the latent data-set Z and the responsibility

terms γki ) were traceable. However, the factor loadings matrixW is more difficult to find,

because W may undergo any arbitrary rotation. Therefore, if a researcher is interested

in W , it may be better to use the EM algorithm. Alternatively, they could base the

result on a single sample and not the mean of multiple samples.

Despite these shortcomings of our HmPPCAs implementation, HmPPCAs was able to

provide more information about the local structure within clusters. A top-level PPCA

might show some clusters, but the addition of hierarchy reveals structures within these

clusters. For example, in Figure 4.2, the top-level PPCA would suggest that there are

only four observable clusters of cells in the data-set. When taking the purple-geen cluster

apart and visualizing its data-points in its own latent space, it becomes clear that this

cluster actually consists of two sub-clusters which could not be separated by a top-level

PPCA. Visualizing the latent space of the data-set gives a good idea of which data-points

could form a distinct group. The latent space of clusters within the data-set provides

more information on these clusters than the PPCA representation when all data is taken

into account. When encountering clusters while using linear dimensionality reduction

techniques, it may, therefore, reward to perform separate analyses on the clusters within

the data-set.

Additionally, it is noteworthy that HmPPCAs does not necessarily separate cell types,

but specifically cluster structures in the data. Figure 4.7 shows how one group, the
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progenitor cells, shows different clusters. Each of those clusters is taken separately

for further analysis, even though they belong to the same group of cells. This is not

necessarily a bad thing and it is possible that there are differences to be found in the

cells belonging to this type. Therefore, it could be the case that even subsets of the data-

set that belong to the same type of cells need different analyses in terms of dimensionality

reduction.

When comparing the HmPPCAs with UMAP and t-SNE however, it did not reach their

visualization performance quite yet. It seems therefore that UMAP and t-SNE are non-

linear approaches that are better at separating groups within the data than PPCA, even

when extended to HmPPCAs. This might be due to the automatic clustering since the

interactive EM implementation of HmPPCAs has been found to improve on t-SNE [12].

They may therefore have the advantage in the visualization assay that was performed.

All in all, extending PPCA to a hierarchical model is a good way to obtain more insight

into the local structure of the data-set. It might not be as good as UMAP or t-SNE

to separate different structures within the data, but it is a valuable extension to linear

dimensionality reduction techniques. Also, it seems that VB did not perform significantly

worse than NUTS and possibly even better on some models. VB also took less time to

converge and showed better scalability when adding more genes. The ADVI algorithm

has therefore proven to be of great value when using Stan.



A | Fitting a model to the data

A.1 The Gaussian distribution

Figure A.1: The probability density func-
tion for a standard Gaussian or normal

distribution.

Let’s say we observe a random variable

x. Random variables have a value that

is not predetermined, but sometimes we

know how the probability of drawing a

random value is depending on that value.

When the random number can assume any

number (i.e. not only discrete integers),

then a probability density function gives

the probability density for the support of

X (i.e. the values that x can assume). One

well-known example of such a probability

density function is the Gaussian distribu-

tion. It is defined by A.1.

N (x|µ, σ2) =
1

(2πσ2)
1
2

e−
1

2σ2
(x−µ)2 (A.1)

The mean µ is the value around which all drawn samples are centered, and the standard

deviation σ tells us how far the drawn samples are spread out from this point. Drawing a

sample of n independent and identically distributed (i.i.d.) data points from the Gaussian

distribution given its mean and variance is done with a probability of the product of the

probabilities of drawing the individual data points (see A.2, where xn is a set of n data

points).

p(xn|µ, σ2) =
n∏
i=1

N (xi|µ, σ2) (A.2)
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Sometimes, we deal with multivariate random variables. In this case, every data-point xi
and the mean µ are d-dimensional vectors and the covariance matrix Σ is a d×d matrix

noting the co-variances among all dimensions. In this case, X is a matrix containing

n rows xi of length d for each data point. In this case, µd is a d-dimensional vector

where µj notes the mean of the jth variable. The covariances between all variables are

given by positive semi-definite matrix Σ, where Σi,j describes the covariance between

the ith and jth variable. Note that Σ is symmetric, as a property of covariance, and that

Σi,i = cov(xi, xi) = var(xi). For a set of independent variables, Σ is a diagonal matrix,

since the cov(xi, xj) is 0 when i 6= i. In a multivariate setting, the Gaussian distribution

takes the form of A.3.

N (x|µ,Σ) =
1

(2π)
m
2

1

|Σ|
1
2

e−
1
2
(x−µ)TΣ−1(x−µ) (A.3)

A.2 Likelihood and the posterior

Let’s say we have the probability density function of x, p(x|θ), where θ holds the param-

eters of the distribution of p(x) (e.g. in this case θ = (µ, σ2)). Apart from deriving the

probability of drawing a value from a given distribution and its parameters, we can also

derive the likelihood of the parameters of the distribution being certain values given only

the observed data. A noteworthy difference between the probability and the likelihood is

that the probability necessarily sums up to 1 when integrated over the support of X , but
the likelihood does not when integrating over the parameter space of θ. The likelihood

is given by L(θ|x) = p(x|θ). This likelihood is often given by its logarithm, known as

the log-likelihood. On the one hand, this makes mathematical manipulations with Gaus-

sian distributions a lot easier. On the other hand, the log function converts very small

numbers to larger ones, which helps to avoid numerical underflow on electronic devices.

Converting the likelihood function of A.2 to a corresponding log-likelihood function re-

sults in A.4 (derivation in B.1).

lnL(µ, σ2|x) = ln p(x|µ, σ2) = −n
2

ln 2π − n

2
lnσ2 − 1

2σ2

n∑
i=1

(xi − µ)2 (A.4)

Using the log-likelihood has two advantages: It makes mathematical manipulations to

the distribution fairly easy and it avoids numerical underflow errors by converting very

small numbers to larger ones. Since the log function is monotonically increasing, the

maximum of the likelihood function s found for the same value as the maximum of the

log-likelihood.
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The likelihood, however, is not the same as the probability that θ is responsible for

generating data x. According to Bayes’ theorem, p(A|B) = p(B|A)p(A)
p(B) , and therefore the

likelihood of parameters θ being responsible for observed data x is given by p(θ|x) =
p(x|θ)p(θ)
p(x) . In this construction, the first term P (x|θ) is the likelihood and the second

term p(θ) is known as the prior. The prior takes the distribution of the parameters into

account. Since the divisor is not dependent on θ, p(x|θ)p(θ) ∝ p(θ|x) so that the product

of the prior and likelihood determines the probability of θ being a certain value given

the data. The last term, p(x), is known as the evidence. It normalizes the probability,

so that the posterior integrated over the parameter-space θ sums to 1. When estimating

θ given x, a point estimate is given by argmaxθp(θ|x).

Often, a prior distribution of θ is unknown or assumed to be of a uniform shape. In this

case, the prior p(θ is a constant that is non-dependent on θ and p(θ|x) ∝ p(x|θ). The

point estimate for θ is then argmaxθp(x|θ), known as the maximum likelihood (ML)

estimate. This estimate can be found by taking the derivative of L(θ|x) and setting it

to 0. For example, the ML estimates for µ is given by µML = 1
n

∑n
i=1 xi and for σ2 by

σ2ML = 1
n

∑n
i=1(xi − µML)2 (see B.2 and B.3).

A.3 Gaussian mixture models and EM

Now imagine that our data-set consists of different ‘groups’ that all have their own mean

and covariance matrix. For example, we may have a data-set with several cell-types,

and every cell-type demonstrates their own pattern of gene expression. If our data-set

consists of K different Gaussians, then we have a Gaussian mixture model (GMM), of

which the probability density function is denoted by A.5.

p(x) =

K∑
k=1

πkN (x|µk,Σk) (A.5)

In this example, µk and Σk give the means and covariance matrix of each distribution

k and πk is the proportion in which mixture component k is responsible for generating

the data-set, such that
∑K

k=1 πk = 1 and πk ≥ 0 for all k. Finding the set of parameters

θ = (π,µ,Σ) in this scenario is not as straight forward as the ML approach we saw earlier.

To approximate θ for this model, we can use an iterative expectation-maximization (EM)

algorithm. An EM-algorithm consist of two steps:
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• In the Expectation-step, the expected log-likelihood function of the complete data-

set (observed data and missing parameters) is estimated from their joint probabil-

ities.

• In the maximization step, the parameters θ are maximized based on the estimated

log-likelihood.

After we have chosen some arbitrary initial values for µk, Σk and πk, we start with

the E-step. In the E-step of our algorithm, we try to find the complete log-likelihood

function. Let zi denote which mixture component has generated data-point i. Then the

complete likelihood function is given by A.6, where I[zi = j] evaluates to 1 if true and 0

otherwise.

L(X|θ,z) =

n∏
i=1

K∏
j=1

N (xi|θk)I[zi=j] (A.6)

Now, z (i.e. which data-points were generated by which distribution) is unknown, but

instead of I[zi = j], we could use the probability p(zi = j). We know that p(xi|zi =

j) = N (xi|µj ,Σj) and therefore, we can compute the posterior p(zi = j|X) according

to Bayes’ theorem as done in A.7.

p(zk = j|xi) =
p(zi = 1)p(xi|zi = j)∑K
k=1 p(zi = k)p(xi|zi = k)

=
πjN (xi|µj ,Σj)∑K
k=1 πkN (xi|µk,Σk)

(A.7)

In the literature, the posterior probability is often denoted as γ(zk,i) = p(zi = k|X).

With this, we can compute the expected complete log-likelihood lnL(θ|X) =
∑n

i=1

∑K
j=1 p(zi =

j) lnN (xi|θk). In the M-step, we utilise this expected log likelihood to calculate ML-

estimates for the mean µk, covariance-matrix Σk and mixing coefficient πk of each dis-

tribution k.

We start off with the mean of each distribution k. Setting the derivative with respect to

µk to 0 shows that the ML estimate is simply given as the weighted average of all points

belonging to distribution k (A.8.

µk =
1∑n

i=1 γ(zk,i)

n∑
i=1

γ(zk,i)xmi (A.8)

Similarly, the variance is computed as the weighted variance.
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Σk =
1∑n

i=1 γ(zk,i)

n∑
i=1

γ(zk,i)(xmi − µk)(xmi − µk)T (A.9)

Finally, πk is obtained as the average of the individual probabilities with which points

belong to distribution k.

πk =

∑n
i=1 γ(zk,i)

n
(A.10)

Having obtained new values for all relevant parameters, we return to the E-step and

obtain new posterior probabilities. The process is repeated until a converged state is

reached.



B | Gaussian distribution

B.1 Converting probability to its log-probability

ln p(xn1 |µ, σ2) =
n∏
i=1

N (xi|µ, σ2)

ln p(xn1 |µ, σ2) = ln
n∏
i=1

1

(2πσ2)
1
2

e−
1

2σ2
(xi−µ)2

ln p(xn1 |µ, σ2) =
n∑
i=1

ln
1

(2πσ2)
1
2

e−
1

2σ2
(xi−µ)2

ln p(xn1 |µ, σ2) =
n∑
i=1

ln
1

(2πσ2)
1
2

+ ln e−
1

2σ2
(xi−µ)2

ln p(xn1 |µ, σ2) =
n∑
i=1

−1

2
ln(2πσ2)− 1

2σ2
(xi − µ)2

ln p(xn1 |µ, σ2) =
n∑
i=1

−1

2
ln(2πσ2)− 1

2σ2
(xi − µ)2

ln p(xn1 |µ, σ2) = −n
2

ln 2π − n

2
lnσ2 −

n∑
i=1

1

2σ2
(xi − µ)2

(B.1)
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B.2 Maximum likelihood for µ

∂

∂µ

(
− n

2
ln 2π − n

2
lnσ2 −

n∑
i=1

1

2σ2
(xi − µML)2

)
= 0

∂

∂µ

(
−

n∑
i=1

1

2σ2
(xi − µML)2

)
= 0

−
n∑
i=1

1

2σ2
(−2xi + 2µML) = 0

n∑
i=1

2xi
2σ2

=

n∑
i=1

2µML

2σ2

n∑
i=1

xi = nµML

1

n

n∑
i=1

xi = µML

(B.2)

B.3 Maximum likelihood for σ2

∂

∂σ2
(
− n

2
ln 2π − n

2
lnσ2ML −

n∑
i=1

1

2σ2ML

(xi − µML)2
)

= 0

∂

∂σ2
(
− n

2
lnσ2ML −

n∑
i=1

1

2σ2ML

(xi − µML)2
)

= 0

n

2σ2ML

−
n∑
i=1

1

2σ2ML
2 (xi − µML)2 = 0

nσ2ML −
n∑
i=1

(xi − µML)2 = 0

1

n

n∑
i=1

(xi − µML)2 = σ2ML

(B.3)



C | PPCA model defined in Stan

This below is an example of a PPCA model defined in Stan. Note that priors have been

specified over the parameters µ, σ2 and W (line 32). The distributions of x and z have

been specified for the model to infer the log-likelihood by itself (line 39). The user could

also have passed the log-likelihood to the model directly instead. The latent distribution

is specified to have a covariance matrix Im, to make sure that the latent dimensions show

little to no correlation.

1 data{

2 int <lower=0> N;// number of data -points

3 int <lower=0> D;// number of dimensions in observed data -set

4 int <lower=0> M;// number of dimensions in latent data -set

5 vector[D] x[N];// observed data

6 }

7

8 transformed data{

9 vector[M] mean_z;

10 matrix[M,M] cov_z;

11

12 for (m in 1:M){

13 mean_z[m] = 0.0;

14 for (n in 1:M){

15 if (m==n){

16 cov_z[m,n]=1.0;

17 } else{

18 cov_z[m,n]=0.0;

19 }

20 }

21 }

22 }

23

24 parameters{

25 matrix[M,N] z; // latent data

26 matrix[D,M] W; // factor loadings

27 real <lower=0> sigma; // standard deviations

44
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28 vector[D] mu; // added means

29 }

30

31 model{

32 // priors

33 for (d in 1:D){

34 W[d] ~ normal (0.0, sigma);

35 mu[d]~normal (0.0, 5.0) ;

36 }

37 sigma~lognormal (0.0, 1.0) ;

38

39 // likelihood

40 for (n in 1:N){

41 z[:,n] ~ multi_normal(mean_z , cov_z);

42 x[n] ~ normal(W*col(z,n)+mu, sigma);

43 }

44 }

Listing C.1: PCPA model defined in Stan



D | HmPPCAs results on Splatter

data-sets

D.1 Simple Splatter data-sets

Figure D.1: HmPPPCAs model performed on the simple Splatter data-set
with 5 genes using NUTS. The maximum accuracy of 1.0 was found on the top-
level. The clusters found within the top-level PPCA have been numbered. The colours

indicate different cell types.
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Figure D.2: HmPPPCAs model performed on the simple Splatter data-set
with 25 genes using NUTS. The maximum accuracy of 1.0 was found at level 1.
The top-level PPCA achieved an accuracy of 0.884. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.3: HmPPPCAs model performed on the simple Splatter data-set
with 50 genes using NUTS. The maximum accuracy of 1.0 was found at level 1.
The top-level PPCA achieved an accuracy of 0.988. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.4: HmPPPCAs model performed on the simple Splatter data-set
with 150 genes using NUTS. The maximum accuracy of 0.970 was found on the
top-level. The clusters found within the top-level PPCA have been numbered. The
colours indicate different cell types. Data-points that were predicted correctly by the
logistic regression are plotted with dots, incorrect predictions are plotted with stars.
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Figure D.5: HmPPPCAs model performed on the simple Splatter data-
set with 5 genes using VB. The maximum accuracy of 1.0 was found on the top-
level. The clusters found within the top-level PPCA have been numbered. The colours

indicate different cell types.
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Figure D.6: HmPPPCAs model performed on the simple Splatter data-set
with 25 genes using VB. The maximum accuracy of 1.0 was found at level 1. The
top-level PPCA achieved an accuracy of 0.882. The clusters found within the top-level
PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.7: HmPPPCAs model performed on the simple Splatter data-set
with 50 genes using VB. The maximum accuracy of 1.0 was found at level 1. The
top-level PPCA achieved an accuracy of 0.988. The clusters found within the top-level
PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.8: HmPPPCAs model performed on the simple Splatter data-set
with 150 genes using VB. The maximum accuracy of 0.984 was found at level 1.
The top-level PPCA achieved an accuracy of 0.964. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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D.2 Complex Splatter data-sets

Figure D.9: HmPPPCAs model performed on the complex Splatter data-set
with 5 genes using NUTS. The maximum accuracy of 0.896 was found at level 1.
The top-level PPCA achieved an accuracy of 0.797. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.10: HmPPPCAs model performed on the complex Splatter data-
set with 25 genes using NUTS. The maximum accuracy of 0.815 was found at level
1. The top-level PPCA achieved an accuracy of 0.684. The clusters found within the
top-level PPCA have been numbered. The colours indicate different cell types. Data-
points that were predicted correctly by the logistic regression are plotted with dots,

incorrect predictions are plotted with stars.
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Figure D.11: HmPPPCAs model performed on the complex Splatter data-
set with 50 genes using NUTS. The maximum accuracy of 0.885 was found at
level 2. The top-level PPCA achieved an accuracy of 0.821. The clusters found within
each level have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.12: HmPPPCAs model performed on the complex Splatter data-
set with 150 genes using NUTS. The maximum accuracy of 0.821 was found at
level 1. The top-level PPCA achieved an accuracy of 0.807. The clusters found within
the top-level PPCA have been numbered. The colours indicate different cell types.
Data-points that were predicted correctly by the logistic regression are plotted with

dots, incorrect predictions are plotted with stars.
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Figure D.13: HmPPPCAs model performed on the complex Splatter data-
set with 5 genes using VB. The maximum accuracy of 0.897 was found at level 3.
The top-level PPCA achieved an accuracy of 0.796. The clusters found within each level
have been numbered. The colours indicate different cell types. Data-points that were
predicted correctly by the logistic regression are plotted with dots, incorrect predictions

are plotted with stars.
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Figure D.14: HmPPPCAs model performed on the complex Splatter data-
set with 25 genes using VB. The maximum accuracy of 0.905 was found at level 2.
The top-level PPCA achieved an accuracy of 0.687. The clusters found within each level
have been numbered. The colours indicate different cell types. Data-points that were
predicted correctly by the logistic regression are plotted with dots, incorrect predictions

are plotted with stars.
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Figure D.15: HmPPPCAs model performed on the complex Splatter data-
set with 50 genes using VB. The maximum accuracy of 0.895 was found at level 1.
The top-level PPCA achieved an accuracy of 0.812. The clusters found within the top-
level PPCA have been numbered. The colours indicate different cell types. Data-points
that were predicted correctly by the logistic regression are plotted with dots, incorrect

predictions are plotted with stars.
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Figure D.16: HmPPPCAs model performed on the complex Splatter data-
set with 150 genes using VB. The maximum accuracy of 0.943 was found at level
1. The top-level PPCA achieved an accuracy of 0.816. The clusters found within the
top-level PPCA have been numbered. The colours indicate different cell types. Data-
points that were predicted correctly by the logistic regression are plotted with dots,

incorrect predictions are plotted with stars.
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D.3 UMAP and t-SNE results on the Splatter data-sets

(a) t-SNE performance on
the simple Splatter data-sets

(b) UMAP performance on
the simple Splatter data-sets

(c) t-SNE performance on
the complex Splatter data-

sets

(d) UMAP performance on
the complex Splatter data-

sets

Figure D.17: t-SNE and UMAP performance on the Splatter data-sets. The
resulting plots when analyzing the simple Splatter data-sets with t-SNE (a) and UMAP
(b) and when analyzing the complex Splatter data-sets with t-SNE (c) and UMAP (d).
Colours indicate different cell types. Data-points that were predicted correctly by the
logistic regression are plotted with dots, incorrect predictions are plotted with stars.
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Figure D.18: UMAP results of the Darmanis data-set. An accuracy of 0.822 was
measured after performing a logistic regression with a 5-fold cross validation. Colours
indicate different cell types. Data-points that were predicted correctly by the logistic

regression are plotted with dots, incorrect predictions are plotted with stars.

Figure D.19: t-SNE results of the Darmanis data-set. An accuracy of 0.761 was
measured after performing a logistic regression with a 5-fold cross validation. Colours
indicate different cell types. Data-points that were predicted correctly by the logistic

regression are plotted with dots, incorrect predictions are plotted with stars.
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Figure D.20: UMAP results of the Nestorowa data-set. An accuracy of 0.819
was measured after performing a logistic regression with a 5-fold cross validation.
Colours indicate different cell types. Data-points that were predicted correctly by the
logistic regression are plotted with dots, incorrect predictions are plotted with stars.

Figure D.21: t-SNE results of the Nestorowa data-set. An accuracy of 0.797 was
measured after performing a logistic regression with a 5-fold cross validation. Colours
indicate different cell types. Data-points that were predicted correctly by the logistic

regression are plotted with dots, incorrect predictions are plotted with stars.
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